Single-cell transcriptomics is advancing discovery of the molecular determinants of cell identity, 3 while spurring development of novel data analysis methods. Stochastic mathematical models 4 of gene regulatory networks help unravel the dynamic, molecular mechanisms underlying cell-5 to-cell heterogeneity, and can thus aid interpretation of heterogeneous cell-states revealed by 6 single-cell measurements. However, integrating stochastic gene network models with single cell 7 data is challenging. Here, we present a method for analyzing single-cell gene-pair coexpression 8 patterns, based on biophysical models of stochastic gene expression and interaction dynamics. 9 We first developed a high-computational-throughput approach to stochastic modeling of gene-pair 10 coexpression landscapes, based on numerical solution of gene network Master Equations. We 11 then comprehensively catalogued coexpression patterns arising from tens of thousands of gene-12 gene interaction models with different biochemical kinetic parameters and regulatory interactions. 13 From the computed landscapes, we obtain a low-dimensional "shape-space" describing distinct 14 types of coexpression patterns. We applied the theoretical results to analysis of published single 15 cell RNA sequencing data and uncovered complex dynamics of coexpression among gene pairs 16 during embryonic development. Our approach provides a generalizable framework for inferring 17 evolution of gene-gene interactions during critical cell-state transitions. 18 19 20 heterogeneity within tissues. The discovery of this ever-present heterogeneity is driving a more nuanced 21 view of cell phenotype, wherein cells exist along a continuum of cell-states, rather than conforming to 22 discrete classifications. The comprehensive view of diverse cell states revealed by single cell measurements 23 is also affording new opportunities to discover molecular regulators of cell phenotype and dynamics of 24 lineage commitment (Trapnell et al. (2014); Olsson et al. (2016); Briggs et al. (2018)). For example, single 25 cell transcriptomics have revealed the widespread nature of multilineage priming (MLP), a phenomenon 26 wherein individual, multipotent cells exhibit "promiscuous" coexpression of genes associated with distinct 27
INTRODUCTION
In recent years, single-cell-resolution measurements have revealed unprecedented levels of cell-to-cell Table 1 . Rate Parameters used in gene regulatory network models. Parameter values are derived from experimental measurements in vertebrates, where possible. See Methods text for details. *Measured rates of mRNA synthesis varied, with a median of 2/hr Schwanhäusser et al. (2011) ). We use lower values (within experimental range) to roughly match observed counts in scRNA-seq data, which may be lower than expected because of dropouts or other technical issues. ‡ Corresponds to mRNA half-life of 3.5 hours, which is well within experimentally measured values but shorter than the median value of 9 hours, assuming that transcriptional regulators have shorter-than-average half-lives in the cell.
† Promoter state change rates f and k are reported in fast and slow regimes. Fast promoter state changes are assumed to occur due to TF-DNA unbinding or binding events, with rate parameters chosen based on values reported in Geertz et al. (2012) (see Supplement for details on parameter derivation and unit conversion). Slow promoter state changes are thought to involve collective changes in epigenetic marks and rearrangement of chromatin. Feng and Wang (2012) ; Chu et al. (2017) ). In contrast, the Two-Gene Flex model flexibly encodes a 141 variety of regulatory interactions, as described below. In all models, promoter activity is assumed to be either high (transcription rate g hi ) or low ( We computed landscapes for ∼22,000 unique parameter combinations for the MISA regulatory logic (see 154   Table 1 for parameter value ranges). We studied only symmetric network motifs, but asymmetry between 155 the genes is accounted for by allowing the "on" transcription rate g hi to be asymmetric between the two 156 genes (in case of asymmetry in g hi , the model is specified by eight parameters). network motif variants). Our aim with the Two-gene Flex model was to comprehensively encode all possible logical combinations within the constraints of the symmetric two-gene model. Note that these 168 combinations encompass several cis-regulatory motifs that have been described previously. For example, 169 {g 00 , g 0y , g x0 , g yx } = {g hi , g lo , g hi , g lo } corresponds to a "simple repressor" motif where Y is the repressor, 170 and {g 00 , g 0y , g x0 , g yx } = {g hi , g lo , g lo , g lo } corresponds to a "dual repressor" motif (Bintu et al. (2005) ).
171
Our Two-Gene Flex model also encompasses various biologically-inspired logic gates for combinatorial , encoding a symmetric combination of repression (flat arrow-head), activation (pointed arrow-head) or no-impact (dashed line), mutually between the two genes labeled X and Y , and by each gene on itself (see Methods for details). The stochastic reaction kinetic model includes rate constants for mRNA synthesis (g ij ), mRNA degradation (k), and regulatory element state-changes due to transcription factor binding (h) and unbinding (f ). Cooperative effects are included by the assumption that transcription factors bind as homodimers. Stochastic dynamics for the above-described network motifs are modeled by a Chemical Master Equation
Mathematical Framework: Chemical Master Equation

176
(CME) (alternatively known as a discrete space, continuous time Markov Chain). The instantaneous state 177 of the system is given by the vector n, which enumerates the mRNA copy numbers and promoter-states 178 of both genes, i.e., n = [n x , n y , X ij , Y ij ], where n x is the mRNA copy number for gene X, X ij is the 179 promoter state for gene X, and so on. The CME gives the probability for the system to exist in a given 180 state at a given time, p(n, t). The CME can be written in vector-matrix form as a linear system 181 dp(n, t) dt = Kp(n, t)
where K is the reaction rate-matrix. Each off-diagonal element K lm gives the rate of transitioning from 182 state m to l (non-zero values correspond to allowed state transitions with rates according to reactions 1-3 183 above), while the diagonal elements are the summed rates for exiting each state, K ll = − m =l K ml .
184
Transition rates are computed according to standard stochastic chemical kinetic rate laws (Gillespie (1977)).
185
If both types of mRNA are assumed to exist in the cell in copy numbers that never exceed M − 1, then the number of mRNA copy number states includes the state of 0 copies, thus n x , n y ∈ {0, 1, ...M − 1}). The assumption that mRNAs never exceed M − 1 is equivalent to assuming reflective boundary conditions on 189 the enumerated state-space. That is, it assumes the propensity of reactions that lead to mRNA numbers 190 exceeding M − 1 is 0. This assumption is justified when M is chosen to be sufficiently large compared to 191 g/k (Chu et al. (2017)). We confirmed that the probability of mRNAs exceeding M -1 for our parameter 192 values is negligible (Supplement, Section 2.2) and we further confirmed that increasing M (from 21, 193 the value used in calculations throughout the manuscript, to 36) had negligible impact on quasipotential 194 landscape shape and all subsequent analysis of single cell RNA sequencing (scRNA-seq) data ( Fig. S2 ).
195
Note that an algorithm has been published recently that provides rigorous error bounds on steady-state 196 solutions to the CME (Gupta et al. (2017)) though we do not make use of the algorithm here. The complete steady state probability to find a cell in state n is given by the vector π(n) = p(n, t → ∞), Python's multiprocessing library to distribute the workload across the available cores.
205
To mimic experimental scRNA-seq data, the probability is projected onto the mRNA subspace by 206 summation over all promoter state combinations. We hereon define the gene pair coexpression landscape 207 as the steady-state probability to find a cell with mRNA count numbers (n x , n y ). More precisely, the 208 probability landscape is the vector π with each element π i giving the steady-state probability for the cell to approach afforded a comprehensive view of theoretically predicted landscape shapes resulting from 266 gene-gene interactions (within the assumptions of the current model system).
267
We applied Principal Component Analysis to the computed probability landscapes for Two-Gene Flex, 268 in order to find a low-dimensional description of their shapes (Fig. 2 ). The first two PCA components 269 encompass 98% percent of total covariance, and all models fall within a triangular region of this 2D for each network motif, i.e., ∼2,000 models that share the regulatory logic but have different kinetic 285 parameters). We grouped all motifs according to their region of occupancy within the PCA triangle, and 286 discovered logical consistency among the groups (see Fig. 3 ). For example, all motifs with some type of 287 mutual activation were found to co-occupy a region of PCA shape-space in the lower part of the triangle no gene-gene interactions (the "always on" or "always off" logic, {g hi , g hi , g hi , g hi } or {g lo , g lo , g lo , g lo }).
295
Note that here we assess all kinetic parameter combinations associated to one regulatory motif; these 296 parameters tune the strength of different interactions. As such, the analysis of Fig. 3 assumes fixed network 297 topologies but variable weights on network edges, accounting for the overlap between different motifs.
298
These results indicate that landscape shape can to some extent be used to distinguish regulatory interactions 299 between pairs of genes, despite variable and/or unknown kinetics governing the interactions. . Within each motif class, different kinetic parameters serve to modify the relative strength of interactions (i.e., different weights on the edges). Each motif class occupies a distinct, but overlapping, region of the shape-space (with the exception of the Incoherent motif, which can reach all areas of the shape-space).
j, we derive this metric from the probability landscape π over count-states i by:
We estimate the value of each metric as a function of landscape shape (that is, we estimate the function 312 m(c 1 , c 2 ), where m is a given metric and (c 1 , c 2 ) are the coordinate values in PCA components 1 and 2).
313
For each of the four metrics, we estimate and visualize this function by first computing each of the four 314 metrics from the probability landscapes π(n x , n y ) corresponding to each of the 34,097 models. We then 315 project the models onto the first two principal components, with a given metric serving as the colorscale 316 (e.g., as shown with Shannon Entropy, Fig. 2 top) . The continuous surface m(c 1 , c 2 ) is then estimated the tricontourf routine from the matplotlib package. We found that each metric aligns in distinctive, and 319 generally intuitive, ways with the PCA landscape shape-space. High or low values of each metric were to 320 some extent localized to particular sub-regions of the triangle, and thus could be understood to be arising 321 from landscapes of similar shape. However, numerous examples can also be found of models colocated (or 322 nearly colocated) in the triangle but having different values of a given metric, so the functional dependence 323 m(c 1 , c 2 ) is noisy. contributing to higher values of Shannon Entropy include both noisy expression within a given phenotype 333 state and the ability for cells to exist in multiple different phenotype states (i.e., the breadth of a valley in 334 the potential landscape, and the number of different valleys). Notably, in the parameter regimes studied Figure 5 . Shape-space of simulated MISA coexpression landscapes analyzed by PCA. Coexpression landscapes were computed for 22,718 unique two-gene stochastic network models with MISA logic and varying kinetic rate parameters. Promoter-state change rates were restricted to the fast regime (see Table 1 ). Fig. 7 ). The landscape of gata5-pax8 (blue) shows increasing antagonistic expression, consistent with movement along the lower left edge of the triangle in PCA shape-space. Sox2-t (red) shows high coexpression at stage 10, followed by later antagonistic expression, corresponding to a partial loop through PCA space, consistent with Multilineage Priming behavior. Lhx1-pax8 (orange) shows consistently increasing coexpression, corresponding to a mostly steady increase in principal components 1 and 2. (Data from Briggs et al. (2018)). . Gene pairs in cluster A display behavior of an "inverted MLP": first undergoing increasing antagonistic expression which then switches to increasing coexpression around stage 13. Gene pairs in cluster B follow the typical MLP behavior, with highest coexpression taking place around stage 10 followed by antagonistic expression at later stages. Cluster C shows consistent antagonistic expression (negative component 2), with nonmonotonic overall expression (a switch-back in component 1 around stage 12). D shows cyclic behavior similar to B, with highest coexpression at stage 12, but overall expression and relative amount of coexpression is lower.
within a lineage shows complex dynamics during development, for example, revealing that simultaneous 449 coexpression occurs either earlier or later than antagonism. Based on the results, we propose that the 450 framework developed here can be generalized to other single cell datasets and stochastic network models 451 to analyze the evolution of gene-gene regulatory interactions over the course of development.
